As a natural generalization of line graphs, Hoffman line graphs were defined by Woo and Neumaier. Especially, Hoffman line graphs are closely related to the smallest eigenvalue of graphs, and the uniqueness of strict covers of a Hoffman line graph plays a key role in such a study. In this paper, we prove a theorem for the uniqueness of strict covers under a condition which can be checked in finite time. Our result gives a generalization and a short proof for the main part of [Ars Math. Contemp. 1 (2008) 81-98].
Introduction
Throughout this paper, we consider only finite undirected graphs without loops or multiple edges.
For a graph G, the line graph L(G) of G is the graph obtained by V (L(G)) = E(G) and E(L(G)) = {{e, e ′ } : e, e ′ ∈ E(G), |e ∩ e ′ | = 1}. Line graphs have an important structure representing claw-free graphs (see [2] ), and many researchers have studied properties on line graphs. For example, Thomassen [6] conjectured that every 4connected line graph is Hamiltonian. To attack Thomassen's conjecture or related topics, we frequently focus on a graph G L such that L(G L ) is isomorphic to the target line graph L (where such a graph G L is called a preimage of L), and discuss the existence of a closed trail with a good property in G L instead of the existence of a Hamiltonian cycle in L. Thus it is important to analyze the structure of a preimage of a line graph. However, in general, there exist line graphs having two distinct preimages; for example, the triangle and the claw are distinct preimages of the triangle. Furthermore, when we consider the difference for the correspondence of the vertices of a line graph to the edges of a preimage, we can construct another example of order 6 (cf. Figure 4 in Section 2). On the other hand, it is known that a preimage of a line graph of order at least 7 is uniquely determined even if we consider above difference (cf. Corollary 1.2).
A concept of Hoffman graphs appeared implicitly in [4] and was strictly defined by Woo and Neumaier [7] as a natural generalization of line graphs, and such graphs are especially used in algebraic graph theory. Since the definition of a Hoffman line graph is slightly complicated, we postpone giving its strict definition and related notations until Section 2 and only give brief descriptions here. (Thus the readers who want to know strict significance of our result are advised to previously read Section 2.) We describe typical Hoffman graphs in Figure 1 , where their names derive from a traditional custom. It is a worthy fact that Hoffman graphs have "slim" vertices and "fat" vertices. For a family H of Hoffman graphs, Woo and Neumaier [7] defined a h 1 h 2 h 3 h 5 Figure 1 . Hoffman graphs slim H-line graph and its H-cover. Observing the definition of Hoffman line graphs, we can verify that a given slim {h 2 }-line graphs and its strict {h 2 }-covers correspond to original line graphs and their preimages, respectively. The uniqueness of strict H-covers is frequently used in the study of slim H-line graphs, and the following result is known. Theorem 1.1 (Cvetković, Doob and Simić [3] ). Every connected slim {h 2 , h 3 }-line graph of order at least 7 has a unique strict {h 2 , h 3 }-cover up to equivalence.
As a corollary of Theorem 1.1, we obtain the following result which assures the uniqueness of preimages of a large line graph. Taniguchi [5] focused on slim {h 2 , h 5 }-line graphs from the viewpoint of a characterization of graphs with the smallest eigenvalue at least −1 − √ 2, and he gave an analogy of Theorem 1.1 and Corollary 1.2: Every connected slim {h 2 , h 5 }-line graph of order at least 8 has a unique strict {h 2 , h 3 , h 5 }-cover up to equivalence. The proof of this result was mainly spent on the following theorem, and he found an integer N satisfying Theorem 1.3 as N = 8 by using computer search. Theorem 1.3 (Taniguchi [5] ). Let N ≥ 7 be an integer. If every connected slim {h 2 , h 5 }-line graph of order N has exactly one strict {h 2 , h 5 }-cover up to equivalence, then every connected slim {h 2 , h 5 }-line graph of order at least N has exactly one strict {h 2 , h 5 }-cover up to equivalence.
In this paper, we give the following generalization of Theorems 1.3 with an alternative (and short) proof. The symbols O andH in the following theorem is defined in Definition 2.3. Theorem 1.4. Let H ⊂ O be a family with h 2 ∈ H, and let N ≥ 7 be an integer. If every connected slim H-line graph of order N has exactly one strictH-cover up to equivalence, then every connected slim H-line graph of order at least N has exactly one strictH-cover up to equivalence. This paper is organized as follows: In Section 2, we define the concept of Hoffman graphs and related topics. In Section 3, we give some lemmas which are used in the argument for Hoffman graphs. Many lemmas in Subsection 3.1 have been used in some existing research as folklore. However, to keep the paper self-contained, we give their proof (and so the proof of some lemmas in Subsection 3.1 does not affect to the shortness of our proof). Hence readers familiar with Hoffman graphs are advised to skip the proof. We give more essential lemmas for our proof in Subsections 3.2 and 3.3. We prove Theorem 1.4 in Section 4. In Section 5, we prove further propositions used in computer search, and we also demonstrate computer search to find the existence of N in Theorem 1.4 for a family of H other than {h 2 , h 5 } (see Example 5.8).
Hoffman graph
In this section, we define Hoffman graphs and related concepts. Several symbols defined below are analogous to ones used in graph theory. Let h = (H, µ) be a Hoffman graph. The vertices of H are regarded as the vertices of h. A vertex of H with label s (resp. label f ) is called a slim vertex (resp. a fat vertex). We let V s (h) (resp. V f (h)) denote the set of slim vertices (resp. fat vertices) of H, and let V (h) = V s (h) ∪ V f (h). We let E(h) denote the set of edges of H. For a vertex x of h, we let N s h (x) (resp. N f h (x)) denote the set of neighbors labeled s (resp. f ) of x, and set N h (x) = N s h (x) ∪ N f h (x). For two vertices x and y, we write x ∼ y if x ∈ N h (y). A Hoffman graph h = (H, µ) is called a slim graph if h has no fat vertices, i.e., µ(x) = s for every vertex x of h. We regard an ordinary graph with no labeling as a slim graph. A Hoffman graph is said to be fat if every slim vertex is adjacent to a fat vertex. A Hoffman graph h ′ = (H ′ , µ ′ ) is called an induced (Hoffman) subgraph of h if H ′ is an induced subgraph of H and µ| V (H ′ ) = µ ′ . The rest of this paper, "(Hoffman) subgraph" means "induced (Hoffman) subgraph". For X ⊂ V (h), let X h denote the Hoffman subgraph of h induced by X, that is, the pair of the subgraph of H induced by X and the labeling map µ| X . The graph V s (h) h is called the slim subgraph of h. For X ⊂ V s (h), let X h denote the Hoffman subgraph of h induced by X ∪ ( x∈X N f h (x)). A (Hoffman) graph is empty if it has no vertices. Next we give the definition of the sum of Hoffman graphs. The definition may seem to be strange, but in fact it comes from lattices, which is described in [7] . Definition 2.2 (Sum of Hoffman graphs). Let h be a Hoffman graph, and let h 1 and h 2 be Hoffman subgraphs of h. We say that h is the sum of h 1 and h 2 , denoted by h = h 1 ⊕ h 2 , if the following conditions hold:
Note that a Hoffman graph h can be regarded as the sum of h and the empty Hoffman graph. If h is the sum of two non-empty Hoffman graphs, then it is said to be decomposable; otherwise, it is said to be indecomposable. Note that the sum of Hoffman graphs satisfies commutative and associative law. Thus the sum of more than two Hoffman graphs is naturally defined, and the sum of only one Hoffman graph should be itself. An example of a decomposable Hoffman graph are depicted in Figure 2 . For convenience, for a set {h i } i∈I of Hoffman graphs, we let i∈I h i denote the empty graph if I is empty. For a Hoffman graph h, a non-empty Hoffman subgraph h 1 of h is called an addend of h if there exists a Hoffman subgraph h 2 of h such that h = h 1 ⊕ h 2 . We can regard a non-empty Hoffman graph h as an addend of h.
Example of the sum of Hoffman graphs, whose slim (resp. fat) vertices are depicted as small (resp. large) filled circles, where every region delimited by dotted lines represents an indecomposable addend.
Let h = (H, µ) and h ′ = (H ′ , µ ′ ) be Hoffman graphs. A graph isomorphism ϕ from H to H ′ is called an isomorphism from h to h ′ , written by ϕ : h → h ′ , if ϕ preserves the fatness and the slimness of vertices (i.e., ϕ(V s (h)) = V s (h ′ ) and ϕ(V f (h)) = V f (h ′ )). In addition, for an isomorphism ϕ : h → h ′ and a Hoffman subgraph n of h, let ϕ| n denote the restriction ϕ| V (n) : V (n) → ϕ(V (n)), and ϕ(n) denote the subgraph in h ′ induced by ϕ(V (n)). The Hoffman graphs h and h ′ are isomorphic, denoted by h ≃ h ′ , if there exists an isomorphism from h to h ′ . For a Hoffman graph h and a family H of Hoffman graphs, we write h ∈ H if h is isomorphic to a Hoffman graph in H. h i where h i ∈ H for every i. In the above situation, h is called an H-cover of g. For an H-line Hoffman graph g, an H-cover h of g is said to be strict if V s (h) = V s (g). A slim H-line Hoffman graph is simply said to be a slim H-line graph. Two strict H-covers h and h ′ of an H-line Hoffman graph g are said to be equivalent if there exists an isomorphism ϕ : h → h ′ such that ϕ| g is the identity mapping id V (g) . Note that there exists a graph having two non-equivalent strict H-covers (see Figure 3 ). As we depict in Figure 4 , it is known that there exists a slim {h 2 }-line graph of order 6 having two non-equivalent strict {h 2 }-covers. Hence, when we discuss the uniqueness of covers of a slim H-line graph for a family H of Hoffman graphs containing h 2 , the condition "order at least 7" is necessary (cf. Theorem 1.4). for indecomposable Hoffman graphs n 0 , . . . , n k , m 0 , . . . , m l , then k = l and there exists a permutation σ on {0, 1, . . . , k} such that n i = m σ(i) for each i.
Proof. We define the graph G as V (G) = V s (n) and
Let G 0 , . . . , G n be the connected components of G.
Proof of Claim 3.2. By the symmetry of n i and m i , it suffices to show that for two adjacent vertices x and y of G, there exists an index i ∈ {0, . . . , k} with x, y ∈ V s (n i ). By way of contradiction, we suppose that there exist two adjacent vertices x and y of G such that x ∈ V s (n i ) and y ∈ V s (n i ′ ) for some indices i and i ′ with i = i ′ . By the definition of edges of G, w(x, y) = 0. If x ∼ y in n, then it follows from
Proof of Claim 3.3. By Claim 3.2 and the symmetry of indices, it suffices to show that |{j : V (G j ) ⊂ V s (n 0 )}| = 1. Considering Claim 3.2 again, without loss of generality, we may assume that
We show that m = 0. By way of contradiction, we suppose that m ≥ 1. Let
and so Definition 2.2 (2) is satisfied.
Let z ∈ V f (n 0 ). Then by the definition of Hoffman graph, there exists a vertex w ∈ N s n 0 (z). Note that w is a vertex belonging to exactly one of G 0 , . . . , G m . Hence we obtain either w ∈ V s (t 0 ) or w ∈ V s (t 1 ). This together with the definition of the symbol · , z belongs to
, and the equality holds if and only if x and y are adjacent in n 0 . This implies that Definition 2.2 (4) and (5) are satisfied.
Consequently, we have n 0 = t 0 ⊕ t 1 , which contradicts the indecomposability of n 0 . By Claim 3.3, k = l and there exists a permutation σ on {0, 1, . . . , k} such that
Furthermore, it follows from Definition 2.2 (3) that n i = V s (n i ) n and m i = V s (m i ) n for every i. This together with (3.3) leads to
for every i. This completes the proof of Lemma 3.1.
As a corollary of Lemma 3.1, we obtain the following result which claims that every isomorphism ϕ : n → m between Hoffman graphs maps each indecomposable addend of n to an indecomposable addend of m.
be an isomorphism between two Hoffman graphs n and m where n 0 , . . . , n k , m 0 , . . . , m l are indecomposable addends. Then k = l and there exists a permutation σ on {0, 1, . . . , k} such that ϕ| n i : n i → m σ(i) for every i.
Proof. By the definition of ϕ and the sum of Hoffman graphs, we have
i.e., m has two indecomposable decompositions k i=0 ϕ(n i ) and l i=0 m i . Applying Lemma 3.1 to the decompositions, we obtain k = l and there exists a permutation σ on {0, 1, . . . , k} such that ϕ(n i ) = m σ(i) , that is, ϕ| n i : n i → m σ(i) for every i. Definition 3.5 (Hoffman graphñ). Let n = k i=0 n i be a Hoffman graph such that n 0 , . . . , n l ∈ {h 1 } and n l+1 , . . . , n k ∈ O. If none of n 0 , . . . , n k is isomorphic to h 1 , then we defineñ := n; otherwise, we letñ denote the Hoffman graph as follows:
where s i is the unique slim vertex of n i for i = 0, . . . , l and f 0 , . . . , f l are pairwise distinct new fat vertices. In other words,ñ is the Hoffman graph obtained from n by replacing each addend of n isomorphic to h 1 by a new Hoffman graph isomorphic to h 2 . We often use (n) instead ofñ if the construction (or the formula) of n is complicated (see Figure 5 ). We next give lemmas concerningñ.
Lemma 3.6. Let n = k i=0 n i be a Hoffman graph such that n 0 , . . . , n l ∈ {h 1 } and n l+1 , . . . ,
Proof. It suffices to check that the five conditions in Definition 2.2 are satisfied. Let f 0 , . . . , f l be the fat vertices as in the definition ofñ. Then it is clear that
The above equations imply that the conditions (1) and (2) in Definition 2.2 are satisfied.
Let
, which implies that the condition (3) in Definition 2.2 is satisfied.
Since each additional fat vertex ofñ is adjacent to exactly one slim vertex, the conditions (4) and (5) in Definition 2.2 are satisfied.
The following lemma was proved in [5] . 
i=0 h i be a Hoffman graph with h i ∈ H for every i, and let G be a subgraph of the slim subgraph of h. Then V (G) ˜ h is a strictH-cover of G. In particular, every slim H-line graph has a strictH-cover.
where J i is an index set and n i,j 's are indecomposable Hoffman subgraphs of n i .
In either case, (n i,j) ∈H for all i and j. Since V (G) ˜ h = i,j (n i,j) by Lemma 3.6, V (G) ˜ h is a strictH-cover of G. Lemma 3.9. Let n = n 0 ⊕ n 1 be a Hoffman graph such that n 0 ∈ O \{h 2 } and n 1 is non-empty, and suppose that the slim subgraph of n is connected. Then the slim subgraph of n −x is connected for every x ∈ V s (n 0 ).
Proof. Let G be the slim subgraph of n. Let w be the unique fat vertex of n 0 , and let u ∈ V s (n 0 ) and v ∈ V s (n 1 ). Since N f
This implies that N s n (u) \ V s (n 0 ) = N s n (w) \ V s (n 0 ). Consequently, G contains a complete bipartite graph H whose partite sets are V s (n 0 ) and N s n (w) \ V s (n 0 ) as a (not necessarily induced) subgraph. Since |V s (n 0 )| ≥ 2, G − x is a connected for every x ∈ V s (n 0 ). This leads to the desired conclusion. Proof. By way of contradiction, suppose that the slim subgraph of h is disconnected. Then the slim subgraph of h is isomorphic to H ⊔ H ′ for two non-empty graphs H and H ′ .
Hence there exist two non-empty subgraphs A and B of H and two non-empty subgraphs A ′ and B ′ of Figure 6 ). Note that |V (G)| = N.
We define the Hoffman graphs n (resp. m) from G by adding two fat vertices z and w such that
(see the central graph and the right graph in Figure 6 ). Then we can represent n and m as
Since every addend in above sums is isomorphic to h 2 or a subgraph of h, both n and m are H-line Hoffman graphs. Considering the fact that H =H, this implies that n and m are strict H-covers of G. Since |V (G)| = N, it follows from the assumption of the lemma that G has a unique strict H-cover, i.e., there exists an isomorphism ψ : n → m such that ψ| G = id V (G) . Then
contradicts the fact that A 0 and B 0 are non-empty. Proof. If n ≥ (N − 1)/2, i.e., N ∈ {7, 8, . . . , 2n + 1}, then the slim subgraph of h is connected by Lemma 3.10, which proves that (1) holds. We assume n ≥ 3, and prove that (2) holds. Note that h is not isomorphic to h 2 . Let G be the slim subgraph of h. Since h is indecomposable,Ḡ is connected by Lemma 3.11. HenceḠ has a spanning tree T . Since |V (T )| = |V (Ḡ)| = n ≥ 3, there exist two vertices α and β of T such that T − α, T − β and T − {α, β} are connected. Since V (T − X) h = h −X for any X ⊂ V (T ), it follows from Lemma 3.11 that all of h −α, h −β and h −{α, β} are indecomposable, which proves that (2) holds.
To prove that (3) holds, we consider the case n ≥ N − 2. Since n ≥ 3, we can take two slim vertices α and β of h satisfying the condition in (2) . Fix X ∈ {{α}, {β}, {α, β}}. It suffices to show that the slim subgraph of h −X is connected.
Hence by applying (1) to h −X, the slim subgraph of h −X is connected. This completes the proof of Lemma 3.12
Remark 3.13. In Lemma 3.12 (2) and (3), we can find two slim vertices α and β assuring us that h −{α, β} has good properties. One might notice that the above fact is not used in this paper. Actually it will be used in our following paper and gives almost no influence to the shortness of the proof. Thus we give it in the lemma.
Order of Hoffman graphs.
Definition 3.14 (Family H(m)). Let H be a non-empty subfamily of O. In the remaining of this paper, we fix an order g 0 , g 1 , . . . of the elements ofH so that
Lemma 3.15. Let H ⊂ O be a non-empty family, and let g 0 , g 1 , . . . be as in Definition 3.14. Then the following hold: 1) We have g 0 ≃ h 2 . In particular,
Proof. By the definition ofH, (1) clearly holds. Assume that | H | ≥ 2. Then there exists an indecomposable Hoffman graph g ∈ H \{h 2 }. Note that |V s (g)| ≥ 2 and V s (g) g = g. By applying Lemma 3.11 with h = g, the complement of V s (g) g is connected, and hence g has two non-adjacent slim vertices x and y. It follows that g has a Hoffman subgraph {x, y} g ≃ h 3 . On the other hand, since h 3 is the unique Hoffman graph in O with exactly two slim vertices, h 3 ∈H. Consequently, g 1 ≃ h 3 , which proves (2).
As we mentioned above, h 3 is the unique Hoffman graph in O with exactly two slim vertices. This together with (2) leads to (3) . Proof. By the definition of H(m), we obtain H(m) ⊂ H(m). Hence it suffices to show that g ∈ H(m) for every g ∈ H(m). Let g 0 , g 1 , . . . be as in Definition 3.14. If g ≃ h 2 , then g ∈ H(m) since g 0 ≃ h 2 and h 2 ∈ H(m), Thus we may assume that g ≃ h 2 . Then there exists g i ∈ H(m) such that g is a Hoffman subgraph of g i . If |V s (g)| = |V s (g i )|, then g = g i , and so g ∈ H(m), as desired. Thus we may assume that |V s (g)| < |V s (g i )|. Since g ∈ O and g is a subgraph of g i ∈ H, we have g ∈H. Hence there exists an index j with j < i (≤ m) such that g ≃ g j , and so g ∈ H(m). Proof. We first show that (1) implies (2) . Suppose that the condition (1) holds, i.e., G has a unique strictH-cover h. Let m be a non-negative integer such that G is a slim H(m)-line graph. Then by applying Lemma 3.8 with H = H(m) and h, G has a strict H(m)-cover g. This together with Lemma 3.16 implies that g is a strict H(m)-cover of G, and hence g is also a strictH-cover of G. By the uniqueness of h for strict H-covers of G, it follows that h and g are equivalent, which leads to (2) . Next we show that (2) implies (1) . Suppose that the condition (2) holds. Since G is a finite slim H-line graph, there exists a sufficiently large integer M such that (a) G is a slim H(M)-line graph, and (b) every strictH-cover of G is a strict H(M)-cover. By (2), G has a unique strict H(M)-cover h up to equivalence, and hence h is also a strictH-cover of G. By the uniqueness of h for strict H(M)-covers of G, it follows from (b) that h is a unique strictH-cover of G, which leads to (1).
Proof of Theorem 1.4
Recall that the following is our main result in this paper. Let G be a connected slim H(m)-line graph of order n. If every strict H(m)-cover of G is a strict H(m − 1)-cover, then (4.1) holds by the induction hypothesis. Thus we may assume that G has a strict H(m)-cover n = k i=0 n i such that n 0 ≃ g m and n i ∈ H(m) for all i = 1, . . . , k. By Lemma 3.15 (3), we have |V s (n 0 )| ≥ 3. Let m be a strict H(m)-cover of G. The equivalency of n and m implies (4.1). Hence our final goal in this proof is to prove that there exists an isomorphism Φ : n → m such that Φ| G = id V (G) . Proof of Claim 4.1. If k = 0 (i.e., n = n 0 ), then the claim holds by Lemma 3.12 (3) with H = H(m) and h = n 0 . Thus we may assume that k ≥ 1. Since |V s (n 0 )| ≥ 3, it follows from Lemma 3.12 (2) that there exist vertices α, β ∈ V s (n 0 ) satisfying (b).
Since n = n 0 ⊕( k i=1 n i ), the vertices α and β satisfy (a) by Lemma 3.9. Let α and β be slim vertices of n 0 as in Claim 4.1. Applying Lemma 3.7 with h = n, h i = n i and X = V s (n) \ {α}, we have
This together with Lemma 3.6 implies that
By the symmetry of α and β, we have
Recall that m is a strict H(m)-cover of G. Now we write m = l i=0 m i where α ∈ V s (m 0 ) and m i ∈ H(m) for i = 0, . . . , l. By similar argument for (4.3), we obtain that 
Proof of Claim 4.2. Recall that |V s (n 0 )| ≥ 3. Let γ ∈ V s (n 0 ) \ {α, β}. We first prove that
Since α ∈ V (n 0 ) and ψ| G−β = id V (G)\{β} , we have α ∈ V (ψ(n 0 −β)). Hence α is a common vertex of ψ(n 0 −β) and m 0 . In particular, V s (ψ(n 0 −β))∩V s (m 0 ) = ∅. On the other hand, since n 0 −β is indecomposable, it follows from Corollary 3.4 that ψ(n 0 −β) is also indecomposable. Consequently, ψ(n 0 −β) is an indecomposable addend of
Since ψ| G−β = id V (G)\{β} and γ is a vertex of n 0 −β, this implies that γ is a vertex of m 0 , which proves (4.7).
Since γ ∈ V (n 0 ) and ϕ| G−α = id V (G)\{α} , we have γ ∈ V (ϕ(n 0 −α)). This together with (4.7) implies that γ is a common slim vertex of ϕ(n 0 −α) and m 0 . In particular, V s (ϕ(n 0 −α)) ∩ V s (m 0 ) = ∅. On the other hand, since n 0 −α is indecomposable, it follows from Corollary 3.4 that ϕ(n 0 −α) is also indecomposable. Consequently, ϕ(n 0 −α) is an indecomposable addend of
Since m 0 , n 0 ∈ H(m), n 0 ≃ g m and |V s (g m )| = max{|V s (g)| : g ∈ H(m)}, we have
This chain of inequalities forces
Recall that n 0 ∈ H(m), |V s (n 0 −α)| ≥ 2 and n 0 −α is indecomposable. Hence n 0 −α ∈ H \{h 2 }. This completes the proof of the claim.
Now we show that Φ satisfies (4.2).
Since ϕ is an isomorphism from n −α to m −α and Φ(α) = α, Φ is a bijection from V (n) to V (m) such that Φ(V s (n 0 )) = V s (m 0 ) and Φ(V f (n 0 )) = V f (m 0 ). Since ϕ| Vs(h)\{α} = ϕ| G−α = id V (G)\{α} and Φ(α) = α, we have Hence Φ is an isomorphism from n to m. This together with (4.8) leads to (4.2).
Computer approach
Definition 5.1 (Integer N H ). For a family H ⊂ O with h 2 ∈ H, if there exists an integer N ≥ 7 satisfying that every connected slim H-line graph of order N has exactly one strictH-cover up to equivalence, then let N H be the smallest integer at least 7 satisfying it; otherwise, let N H = ∞.
Theorem 1.4 asserts that, for a family H ⊂ O with h 2 ∈ H, every connected slim H-line graphs of order at least N H has a strictH-cover. In this section, we explain a way with computer to verify whether every connected slim H-line graph of order N has a unique strict H-cover for an integer N ≥ 7 and a family H of Hoffman graphs. We start with a lower bound of N H . For a Hoffman graph h whose indecomposable decomposition is i∈I h i , let
We will prove the following two propositions which give useful properties for our strategy using computer search. Proof. Let x ∈ V f (n) ∩ V f (m) and ψ ∈ Aut * (h). By Definition 2.1 (1), there exist vertices y ∈ V s (n) and z ∈ V s (m) such that x ∼ y in n and x ∼ z in m. In particular,
Since ψ(y) = y and ψ(z) = z, we have
Lemma 5.6. Let h = i∈I h i be a Hoffman graph, and suppose that h i is non-empty and indecomposable for every i ∈ I. Then the following hold:
Proof. We first prove (1) . Now we show that
. Thus we may assume that x ∈ V f (h i ). Then there exists a vertex u ∈ N s h i (x). Since ψ ∈ Aut * (h), we have u = ψ(u) ∼ ψ(x) in h, i.e., ψ(x) ∈ N f h (u). It follows from Definition 2.2 (3) that ψ(x) ∈ N f h i (u), and so ψ(x) ∈ V (h i ), which proves (5.2). Since ψ ∈ Aut * (h) and ψ| h i : V (h i ) → V (h i ) by (5.2), ψ| h i ∈ Aut * (h i ). Furthermore, for i, j ∈ I with i = j and y ∈ V f (h i ) ∩ V f (h j ), it follows from Lemma 5.5 that ψ(y) = y, and so ψ| h i (y) = ψ| h j (y). Consequently, we have (ψ| h i ) i∈I ∈ A(h).
Next we prove (2) . 
In either case, we obtain the desired conclusion, and so (2) is proved.
Finally, we prove (3). By (1) , ϕ as in (3) is a mapping from Aut * (h) to A(h). Now we define a new mapping ϕ ′ on A(h) such that ϕ ′ ((ψ i ) i∈I ) = ψ where ψ is defined from (ψ i ) i∈I by as in (5.1). Then by (2), ϕ ′ is a mapping from A(h) to Aut * (h). Furthermore, it follows from the definitions of ϕ and ϕ ′ that ϕ ′ • ϕ = id Aut * (h) and ϕ • ϕ ′ = id A(h) . This implies that ϕ is a bijection.
Proof of Proposition 5.3. Let ψ ∈ Aut * (h). Note that ψ = id V (h) if and only if ψ| h i = id V (h i ) for all i ∈ I. Since (ψ| h i ) i∈I ∈ A(h) by Lemma 5.6 (1), ψ| Vs(h i ) = id Vs(h i ) for all i ∈ I. Thus it suffices to show that
If h i is not isomorphic to h 2 , then h i has exactly one fat vertex, and so (5.3) holds. Thus we may assume that h i ≃ h 2 . Write V s (h i ) = {x} and V f (h i ) = {y 1 , y 2 }. Since h is not isomorphic to h 2 , we may assume that y 1 ∈ V f (h j ) for some j ∈ I \ {i}, i.e.,
. Then by Lemma 5.5, ψ(y 1 ) = y 1 , and so (5.3) holds.
Lemma 5.7. Let H be a family of Hoffman graphs, and let G be a slim H-line graph having a strict H-cover n. Then G has a unique strict H-cover up to equivalence if the following hold: 1) Aut * (n) = {id V (n) }; 2) | Aut(n)| = | Aut(G)|; and 3) every strict H-covers of G is isomorphic to n.
Proof. Let m be a strict H-cover of G. We show that m and n are equivalent. By (3), m is isomorphic to n. This together with (1) and (2) We define the homomorphism r : Aut(m) → Aut(G) by r(ϕ) = ϕ| G for ϕ ∈ Aut(m). We claim that r is injective.
(5.6)
Let ϕ ∈ Ker r. Since ϕ ∈ Aut(m) and ϕ| Vs(m) = ϕ| G = r(ϕ) = id V (G) , we have ϕ ∈ Aut * (m). This together with (5.4) leads to ϕ = id V (m) . Since ϕ is arbitrary, we have Ker r = {id V (m) }, and so (5.6) holds. By (5.5) and (5.6), we see that r is bijective. Take an isomorphism ψ from n to m. Since (ψ| G ) −1 ∈ Aut(G) and r is bijective, there exists σ ∈ Aut(m) such that r(σ) = (ψ| G ) −1 . Then we can verify that σ • ψ is an isomorphism from n to m and its restriction to G is equal to id V (G) (= id Vs(n) ). Therefore m and n are equivalent.
Proof of Proposition 5.4. Let G ∈ Y. By (I) and the definition of Φ, there exists a strict H-cover n ∈ X of G. Now we show that G and n satisfy the three conditions in Lemma 5.7. The conditions (1) and (2) in Lemma 5.7 follow from (II) and (IV), respectively. By (I) and (III), Φ is bijective. In particular, Φ −1 (G) (∈ X ) is a unique strict H-cover of G up to isomorphism. This implies that the condition (3) in Lemma 5.7 holds. Hence it follows from Lemma 5.7 that G has a unique strict H-cover up to equivalence, which proves the proposition. Now we explain our strategy: Fix a family H ⊂ O with h 2 ∈ H and a positive integer N ≥ 7. Since a graph is a slim H-line graph if and only if it is a slimH-line graph, we may assume that H =H. Then we can construct the families X and Y in Proposition 5.4 using computer programming. Note that the conditions (I) and (II) in Proposition 5.4 always hold by Lemma 3.8 and Proposition 5.3, respectively. Furthermore, we can judge whether the conditions (III) and (IV) in Proposition 5.4 hold by computer search. If these conditions are satisfied, then N H ≤ N. Note that Proposition 5.2 gives the smallest case for N.
Indeed, when h 2 ∈ H ⊂ O and N H is small, some softwares such as MAGMA [1] can find an integer N as in Theorem 1.4 along above strategy. Recall that Taniguchi [5] found N in Theorem 1.3 as N = 8 by computer search. Similarly, we seek an integer N as in Theorem 1.4 for H other than {h 2 , h 5 } as follows:
Example 5.8. Let h ′ 5 be the Hoffman graph obtained from three independent (slim) vertices by joining a new fat vertex (see Figure 5 .8). Then Proposition 5.2 leads to 
